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a b s t r a c t
Let H be a subgraph of a graph G. An H-design (U,C) of order u and index λ is embedded
into a G-design (V ,B) of order v and index µ if λ ≤ µ, U ⊆ V and there is an injective
mapping f : C → B such that B is a subgraph of f (B) for every B ∈ C. The mapping
f is called the embedding of (U,C) into (V ,B). In this paper, we study the minimum
embedding of a kite system of order u and index λ (denoted by KS(u, λ)) into a kite system
of order u+ w and index µ.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction and definitions
Let G be a finite and simple graph. A G-design of order v and index λ is a pair (V ,C)where V is the vertex set of Kv (the
complete graph on v vertices) and C is a collection of isomorphic copies of the graph G, called blocks, which partition the
edges of λKv (the complete multigraph on v vertices).
A K3+e or a kite is a simple graph on 4 vertices consisting of a triangle and a single edge (tail) sharing one common vertex
(see Fig. 1). We denote a kite by (a, b, c)-dwhere (a, b, c) is the triangle having base (a, b) and (c, d) is the tail. We denote by
KS(u, λ) a kite design of order u and index λ. The necessary and sufficient conditions for the existence of a KS(u, λ) (see [3])
are:
λ (mod 4) u
1, 3 0, 1 (mod 8)
0 ∀u ≥ 4
2 0, 1 (mod 4)
Definition 1.1. Let H be a subgraph of G, and let U ⊆ V . We say that an H-design (U,C) of order u and index λ is embedded
into a G-design (V ,B) of order u+ w and index µ, λ ≤ µ, if there is an injective mapping
f : C → B
such that B is a subgraph of f (B) for every B ∈ C.
The mapping f is called the embedding of (U,C) into (V ,B). When w attains the minimum possible value we say that
f is a minimum embedding.
If H = G and µ = λ, then we obtain the usual embedding definition for G-designs.
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Fig. 1. The kite (a, b, c)-d.
When µ = λ = 1, the (minimum) embedding of an H-design into a G-design has been studied for many pairs of graphs
H and G with H a subgraph of G (see [8] for a survey). In particular, the embedding of path designs into kite systems has
been studied in [1,9].
When λ = 1 and µ > 1 the minimum embedding has been studied, for instance, in [2,6,7].
In this paper, we study the minimum embedding of a KS(u, λ) into a KS(u+ w,µ).
2. Preliminaries and basic lemmas
To begin with, note what follows:
1. If (V ,B) is a KS(u + w,µ) embedding a KS(u, λ) (U,C), then C ⊆ B and replacing C with C ′, where C ′ is any
decomposition of Ku into kites, gives a KS(u + w,µ) embedding (U,C ′), hence proving the existence of a KS(u, λ)
embedded into a KS(u+ w,µ) will imply that any KS(u, λ) can be embedded into a KS(u+ w,µ).
2. Taking the union of a KS(u, ν) and a KS(u, λ) (clearly, when they both exist) gives a KS(u, λ) embedded into a KS(u, λ+ν);
3. If there exists a KS(u, λ) embedded into a KS(u+w,µ) and u+w is an admissible order for the existence of a KS of index
ν, then any KS(u, λ) can be embedded into a KS(u+ w,µ+ ν).
To obtain our results, we will make a massive use of the difference method. Let Du denote the following set with elements
from Zu:
Du =
d : 1 ≤ d ≤
u
2
if u is even;
d : 1 ≤ d ≤ u− 1
2
if u is odd.
The elements ofDu are called differences ofZu. For any d ∈ Du, if d ≠ u2 , thenwe can form a single 2-factor {{i, d+ i} : i ∈ Zu},
if u is even and d = u2 , then we can form a 1-factor {{i, u2 + i} : 0 ≤ i ≤ u2 − 1}. It is also worth remarking that 2-factors
obtained from distinct differences are disjoint from each other and from the 1-factor.
Let W = {∞1,∞2, . . . ,∞w},W ∩ Zu = ∅. Denote by ⟨Zu ∪W , {d1, d2, . . . , dt}⟩ the graph G with vertex set V (G) =
Zu ∪W and edge set E(G) = {{x, y} : x− y or y− x ≡ di (mod u), for some i ∈ {1, 2, . . . , t}} ∪ {{∞, j} : ∞ ∈ W , j ∈ Zu}.
WhenW = ∅, we simply write ⟨Zu, {d1, d2, . . . , dt}⟩.
Lemma 2.1 ([4]). For any difference d ∈ Du \ { u2 } such that the integer r = ugcd(u,d) is even, the graph ⟨Zu ∪ {∞}, {d}⟩ can be
decomposed into kites.
Lemma 2.2 ([4]). Let u ≡ 0 (mod 8). The graph ⟨Zu ∪ {∞1,∞2}, {1, u2 }⟩ can be decomposed into kites.
Lemma 2.3. For any difference d ∈ Du \ { u2 }, the graph ⟨Zu, {d}⟩ ∪ 3Ku,1, where Ku,1 is the star based on Zu ∪ {∞}, can be
decomposed into kites.
Proof. Consider the kites (i, d+ i,∞)− (2d+ i), i ∈ Zu. 
Lemma 2.4. For any two distinct differences d1, d2 ∈ Du \ { u2 }, the graph ⟨Zu, {d1, d2}⟩ ∪ 2Ku,1, where Ku,1 is the star based on
Zu ∪ {∞}, can be decomposed into kites.
Proof. Consider the kites (∞, d1 + i, i)− (d2 + i), i ∈ Zu. 
We quote the following known result [4,5] for later use.
Theorem 2.1. Any KS(u, λ) can be embedded into a KS(v, λ) if and only if v ≥ 53u+ 1 or v = u, and u, v are admissible orders.
3. Minimum embedding of a KS(u, 2) into a KS(u+ w, 3)
In this section, we determine the minimum embedding of a KS(u, 2) into a KS(u + w, 3). Since a KS(u, 2) exists if and
only if u ≡ 0, 1 (mod 4) and a KS(u + w, 3) exists if and only if u + w ≡ 0, 1 (mod 8), w = 0 when u ≡ 0, 1 (mod 8). If
u ≡ h (mod 8), with h ∈ {4, 5}, thenw ≥ 8− h; here we prove thatw = 8− h for every u ≡ h (mod 8) and h ∈ {4, 5}.
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Proposition 3.1. For u = 8k+ h and h = 4, 5, any KS(u, 2) can be embedded into a KS(u+ w, 3),w = 8− h.
Proof. For u = 4, it follows from Theorem 2.1. For u = 5, 12, 13, see Cases 1, 2 and 3 in Appendix. Let k ≥ 2 and (U,K) be a
KS(u, 2), u = 8k+h and h = 4, 5; without loss of generality, we can assume U = Z8k∪H , whereH = {as : s = 1, 2, . . . , h}.
LetW = {∞1,∞2, . . . ,∞w} and take a KS(h+w, 3) (H∪W ,K1) which embeds a KS(h, 2) (H,K∗1 ). Consider the collection
K2 of kites obtained by translating the k− 2 base blocks
(4k− 1, 2k+ 2, 0)− (2k− 2),
(4k− 2, 2k+ 3, 0)− (2k− 4),
. . .
(3k+ 2, 3k− 1, 0)− 4.
The result is a decomposition of ⟨Z8k,D⟩, where D = D8k \ {1, 2, 2k− 1, 2k, 2k+ 1, 3k, 3k+ 1, 4k}. Handle the remaining
differences as follows and sayK3 the resulting collection of kites: by Lemma 2.2 arrange the differences 1 and 4k with the
vertices a1 and a2; by Lemma 2.1 the differences 2k − 1 and 2k + 1 with a3 and a4, respectively, and by Lemma 2.3 the
differences 2k, 3k, and 3k+ 1 with∞1,∞2, and∞3, respectively; finally, if h = 4, by Lemma 2.3 arrange 2 with∞4, while
if h = 5, by Lemma 2.1 arrange 2 with a5. Then (Z8k ∪ H ∪W ,K ∪ (K1 \K∗1 )∪K2 ∪K3) is a KS(u+w, 3) which embeds
the given KS(u, 2). 
4. Minimum embedding of a KS(u, 4) into a KS(u+ w, 5)
In this section, we determine the minimum embedding of a KS(u, 4) into a KS(u+w, 5). Since a KS(u, 4) exists for every
u ≥ 4 and a KS(u+ w, 5) exists if and only if u+ w ≡ 0, 1 (mod 8), w = 0 when u ≡ 0, 1 (mod 8). If u ≡ h(mod 8), with
h ∈ {2, 3, 4, 5, 6, 7}, thenw ≥ 8− h; here we prove thatw = 8− h for every u ≡ h (mod 8) and h ∈ {2, 3, 4, 5, 6, 7}.
Lemma 4.1. There exists a decomposition of 4(K8 \ K2) into kites.
Proof. Consider the following kites on Z6 ∪ {a, b} : (a, 1+ i, i)− b twice; (b, 2+ i, i)− (3+ i) and (3+ i, 1+ i, i)− (2+ i)
for i ∈ Z6; (2i, 2+ 2i, 1+ 2i)− (3+ 2i) for i = 0, 1, 2. 
Proposition 4.1. For u = 8k+ 2, u ≥ 10, any KS(u, 4) can be embedded into a KS(u+ 6, 5).
Proof. For k = 1, 2, see Cases 4 and 5 in Appendix. Let k ≥ 3,H = {a, b},W = {∞j : j ∈ Z6}, and (Z8k ∪ H,K) be a
KS(u, 4). By Lemma 4.1 decompose 4(K8 \ K2) on H ∪ W (with H as hole) into kites and say K1 the resulting set of kites
together with those ones of a KS(8, 1) on the vertex set H ∪W . Consider the collectionK2 of kites obtained by translating
the k− 3 base blocks
(4k− 2, 2k+ 3, 0)− (2k− 4),
(4k− 3, 2k+ 4, 0)− (2k− 6),
. . .
(3k+ 2, 3k− 1, 0)− 4.
The result is a decomposition of ⟨Z8k,D⟩, whereD = D8k\{1, 2, 2k−3, 2k−2, 2k−1, 2k, 2k+1, 2k+2, 3k, 3k+1, 4k−1, 4k}.
Handle the remaining differences as follows and sayK3 the resulting collection of kites: arrange the vertices a, b with the
differences 1, 4k by using Lemma 2.2 and the infinity points with the 10 differences left, say dj, d′j , for j ∈ Z6 \ {5}, in the
blocks (i, i + dj,∞j) − (i + 1), (i,∞j, i + d′j) −∞5, j ∈ Z6 \ {5}, i ∈ Z8k. Then (Z8k ∪ H ∪W ,K ∪K1 ∪K2 ∪K3) is a
KS(u+ 6, 5) which embeds the given KS(u, 4). 
Proposition 4.2. For u = 8k+ 3, u ≥ 11, any KS(u, 4) can be embedded into a KS(u+ 5, 5).
Proof. For k = 1, 2, see Cases 7 and 8 in Appendix. Let k ≥ 3,H = {ai : i ∈ Z4},W = {∞j : j ∈ Z5}, and (Z8k−1 ∪H,K) be
a KS(u, 4). Take a KS(9, 5) (H ∪W ,K1)which embeds a KS(4, 4) (H,K∗1 ) (see Case 6 in Appendix). Consider the collection
K2 of kites obtained by translating the k− 3 base blocks
(4k− 3, 2k+ 4, 0)− (2k− 6),
(4k− 4, 2k+ 5, 0)− (2k− 8),
. . .
(3k+ 1, 3k, 0)− 2.
The result is a decomposition of ⟨Z8k−1,D⟩, where D = D8k−1 \ {2k − 5, 2k − 4, 2k − 3, 2k − 2, 2k − 1, 2k, 2k + 1, 2k +
2, 2k+ 3, 4k− 2, 4k− 1}. Handle the remaining differences as follows and sayK3 the resulting collection of kites: arrange
∞4 with the differences 2k− 5, 2k− 4, 2k− 3 by using Lemmas 2.3 and 2.4 and the vertices aj,∞j, for j = 0, 1, 2, 3, with
the 8 differences left, say dj, d′j , for j = 0, 1, 2, 3, in the blocks (i, dj + i,∞j)− (1+ i), (i,∞j, d′j + i)− aj, j = 0, 1, 2, 3 and
i ∈ Z8k−1. Then (Z8k−1 ∪ H ∪W ,K ∪ (K1 \K∗1 ) ∪K2 ∪K3) is a KS(u+ 5, 5) which embeds the given KS(u, 4). 
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Proposition 4.3. For u = 8k+ 4, any KS(u, 4) can be embedded into a KS(u+ 4, 5).
Proof. For k = 0, it follows from Theorem 2.1. For k = 1, 2, see Cases 9 and 10 in Appendix. Let k ≥ 3,H =
{a1, a2, a3, a4},W = {∞1,∞2,∞3,∞4}, and (Z8k ∪ H,K) be a KS(u, 4). Take a KS(8, 5) (H ∪ W ,K1) which embeds a
KS(4, 4) (H,K∗1 ). Consider the collectionK2 of kites obtained by translating the k− 3 base blocks
(4k− 1, 2k+ 2, 0)− (2k− 2),
(4k− 2, 2k+ 3, 0)− (2k− 4),
. . .
(3k+ 3, 3k− 2, 0)− 6.
The result is a decomposition of ⟨Z8k,D⟩, whereD = D8k\{1, 2, 3, 4, 2k−1, 2k, 2k+1, 3k−1, 3k, 3k+1, 3k+2, 4k}. Handle
the remaining differences as follows and sayK3 the resulting collection of kites: by Lemma 2.2, arrange the differences 1
and 4kwith the vertices a1 and a2; by Lemma 2.1, 2k− 1 and 2k+ 1 with a3 and a4, respectively, and arrange the remaining
differences with the infinity vertices in the blocks (i, 3k− 1+ i,∞3)− (1+ i), (i, 2k+ i,∞1)− (1+ i), (i, 3+ i,∞2)−
(1+ i), (i, 3k+ 1+ i,∞4)− (1+ i), (∞1, i, 3k+ i)−∞4, (∞3, i, 4+ i)−∞4, (∞2, i, 3k+ 2+ i)− (3k+ i), for i ∈ Z8k.
Then (Z8k ∪ H ∪W ,K ∪ (K1 \K∗1 ) ∪K2 ∪K3) is a KS(u+ 4, 5) which embeds the given KS(u, 4). 
Proposition 4.4. For every u = 8k+ 5, any KS(u, 4) can be embedded into a KS(u+ 3, 5).
Proof. For k = 0, 1, 2, see Cases 11, 12 and 13 in Appendix. Let k ≥ 3,H = {a1, a2, a3, a4, a5},W = {∞1,∞2,∞3}, and
(Z8k ∪ H,K) be a KS(u, 4). Take a KS(8, 5) (H ∪ W ,K1) which embeds a KS(5, 4) (H,K∗1 ). Consider the collection K2 of
kites obtained by translating the k− 3 base blocks
(4k− 1, 2k+ 2, 0)− (2k− 2),
(4k− 2, 2k+ 3, 0)− (2k− 4),
. . .
(3k+ 3, 3k− 2, 0)− 6.
The result is a decomposition of ⟨Z8k,D⟩, whereD = D8k\{1, 2, 3, 4, 2k−1, 2k, 2k+1, 3k−1, 3k, 3k+1, 3k+2, 4k}. Handle
the remaining differences as follows and sayK3 the resulting collection of kites: by Lemma 2.2, arrange the differences 1 and
4kwith the vertices a1 and a2; by Lemma 2.1, arrange 4, 2kwith a3, a4, respectively. Arrange the differences 2, 2k−1, 2k+1
with a5 in the blocks (i, 2k−1+i, 2k+1+i)−a5, i ∈ Z8k, and the remaining differenceswith the infinity vertices in the blocks
{(i, 3+i,∞1)−(1+i), (i, 3k+1+i,∞2)−(1+i), (i, 3k−1+i,∞3)−(1+i), (∞1, i, 3k+i)−∞3, (∞2, i, 3k+2+i)−∞3, i ∈
Z8k}. Then (Z8k ∪ H ∪W ,K ∪ (K1 \K∗1 ) ∪K2 ∪K3) is a KS(u+ 3, 5) which embeds the given KS(u, 4). 
Proposition 4.5. For u = 8k+ 6 any KS(u, 4) can be embedded into a KS(u+ 2, 5).
Proof. For k = 0, 1, 2, see Cases 14, 15 and 16 in Appendix. Let k ≥ 3,H = {a1, a2, . . . , a6},W = {∞1,∞2}, and
(Z8k ∪ H,K) be a KS(u, 4). Take a KS(8, 5) (H ∪ W ,K1) which embeds a KS(6, 4) (H,K∗1 ). Consider the collection K2
of kites obtained by translating the k− 3 base blocks
(4k− 1, 2k+ 2, 0)− (2k− 2),
(4k− 2, 2k+ 3, 0)− (2k− 4),
. . .
(3k+ 3, 3k− 2, 0)− 6.
The result is a decomposition of ⟨Z8k,D⟩, whereD = D8k\{1, 2, 3, 4, 2k−1, 2k, 2k+1, 3k−1, 3k, 3k+1, 3k+2, 4k}. Handle
the remaining differences as follows and sayK3 the resulting collection of kites: by Lemma 2.2, arrange the differences 1
and 4kwith the vertices a1 and a2; by Lemma 2.1, arrange 2, 4, 2k− 1, 2kwith a3, a4, a5, a6, respectively; finally, by using
Lemmas 2.3 and 2.4 arrange the six differences left with∞1, and∞2. Then (Z8k ∪ H ∪W ,K ∪ (K1 \K∗1 )∪K2 ∪K3) is a
KS(u+ 2, 5) which embeds the given KS(u, 4). 
Proposition 4.6. For u = 8k+ 7, any KS(u, 4) can be embedded into a KS(u+ 1, 5).
Proof. Let (Zu,K) be a KS(u, 4), u = 8k+ 7. Consider the collectionK1 of kites obtained by translating the k base blocks
(4k, 2k+ 1, 0)− 2k
(4k− 1, 2k+ 2, 0)− (2k− 2),
. . .
(3k+ 1, 3k, 0)− 2.
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The result is a decomposition of ⟨Z8k+7,D⟩, where D = Du \ {4k + 1, 4k + 2, 4k + 3}. Consider the set of kites K2 =
{(∞, i, 4k+ 1+ i)− (−4+ i), (i, 4k+ 3+ i,∞)− (1+ i) : i ∈ Zu}. Then (Zu ∪ {∞},K ∪K1 ∪K2) is a KS(u+ 1, 5) which
embeds the given KS(u, 4). 
Proposition 4.7. For u = 8k+ h, with 2 ≤ h ≤ 7, u ≥ 4, any KS(u, 4) can be embedded into a KS(u+w, 5), wherew = 8− h.
Proof. It follows from Propositions 4.1–4.6. 
5. Minimum embedding of a KS(u, 4) into a KS(u+ w, 6)
In this section, we determine the minimum embedding of a KS(u, 4) into a KS(u+w, 6). Since a KS(u, 4) exists for every
u ≥ 4 and a KS(u+ w, 6) exists if and only if u+ w ≡ 0, 1 (mod 4), w = 0 when u ≡ 0, 1 (mod 4). If u ≡ h (mod 4), with
h ∈ {2, 3}, thenw ≥ 4− h; here we prove thatw = 4− h for every u ≡ h (mod 4) and h ∈ {2, 3}.
Proposition 5.1. For u = 4k+ 2, u ≥ 6, any KS(u, 4) can be embedded into a KS(u+ 2, 6).
Proof. For k = 2p + 1, the thesis follows from Proposition 4.5. Let k = 2p and let (Z8p ∪ {a, b},B) be a KS(8p + 2, 4).
Consider the kites obtained by translating the 2p− 2 base blocks
(0, 4p− 3, 4p− 1)− (4p+ 3),
(0, 4p− 5, 4p− 2)− (4p+ 4),
. . .
(0, 3, 2p+ 2)− 6p.
Now handle the remaining differences as follows: by applying Lemma 2.2 twice, arrange the differences 1 and 4p with the
vertices a and b; arrange the infinity points with the four differences left in the kites (i, 2+ i,∞0)−(1+ i), (i, 2p+ i,∞1)−
(1+i), (∞1, i, 2p+1+i)−∞0, (∞0, i, 4p−1+i)−∞1, i ∈ Z8p. Finally, consider the kites (a,∞1,∞0)−b, (b,∞1,∞0)−
a, (a,∞1,∞0) − b, (b,∞0,∞1) − a, (a,∞0,∞1) − b, (b,∞0,∞1) − a, (∞1, b, a) −∞0, (∞0, a, b) −∞1 to obtain a
KS(8p+ 4, 6) on Z8p ∪ {a, b,∞0,∞1}which embeds (Z8p ∪ {a, b},B). 
Proposition 5.2. For u = 4k+ 3, u ≥ 7, any KS(u, 4) can be embedded into a KS(u+ 1, 6).
Proof. For k = 2p+ 1, the thesis follows from Proposition 4.6. Let k = 2p and (Zu,K) be a KS(8p+ 3, 4). Consider the kites
obtained by translating the 2p base blocks
(0, 4p− 1, 4p)− (4p+ 2),
(0, 4p− 3, 4p− 1)− (4p+ 3),
. . .
(0, 1, 2p+ 1)− (6p+ 1),
together with the kites (i, 4p+ 1+ i,∞)− (1+ i), i ∈ Z8p+3, twice repeated, to obtain a KS(8p+ 4, 6) on Zu ∪ {∞}which
embeds (Zu,B). 
6. Main theorem
Theorem 6.1. The minimum value of w such that a KS(u, λ) can be embedded into a KS(u+ w,µ) is:
λ u ≥ 4 µ ≥ λ w
any 0, 1 (mod 8) any 0
even 4, 5 (mod 8) even 0
0 (mod 4) 2, 3 (mod 4) 0 (mod 4) 0
0 (mod 4) 4k+ h, h = 2, 3 2 (mod 4), µ ≥ 3λ/2 4− h
0 (mod 4) 8k+ h, 2 ≤ h ≤ 7 odd, µ ≥ 5λ/4 8− h
2 (mod 4) 8k+ h, h = 4, 5 odd, µ ≥ 5λ/4 8− h
Proof. The conclusion is trivial in the first three cases.
If λ = 4l and u = 4k+ h, h = 2, 3, then for every evenµ = 6l+ 2q take l copies of a KS(u, 4) embedded into a KS(u+w, 6)
from Propositions 5.1 and 5.2 so to obtain a KS(u, 4l) which is embedded into a KS(u+ w, 6l+ 2q).
If λ = 4l and u = 8k+ h, 2 ≤ h ≤ 7, then for every oddµ = 5l+ q take l copies of a KS(u, 4) embedded into a KS(u+w, 5)
from Proposition 4.7 so to obtain a KS(u, 4l) which is embedded into a KS(u+ w, 5l+ q).
If λ = 4l+ 2 and u = 8k+ h, h = 4, 5, then for every odd µ = 5l+ q+ 3 embed a KS(u, 4l) into a KS(u+ w, 5l+ q), and
then paste a KS(u, 2) embedded into a KS(u+w, 3) from Proposition 3.1 so to obtain a KS(u, 4l+2) which is embedded into
a KS(u+ w, 5l+ q+ 3). 
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7. Conclusion
By taking into account that if (U ∪ W ,B) is a KS(u + w,µ) which embeds a KS(u, λ) (U,C), then each block in B \ C
contains at most three pairs of U ×W , it follows that
µ
uw
3
≤ µ(u+ w)(u+ w − 1)
8
− λu(u− 1)
8
.
We formulate the following conjecture.
Conjecture. For every fixed triples of parameters u, λ, and µ, with µ ≥ λ, any KS(u, λ) can be embedded into a KS(u + w¯, µ),
where w¯ is the minimum admissible value for the existence of a KS(u+ w¯, µ) such that the above inequality is satisfied.
Theorem 6.1 proves the conjecture, fixed any pair of parameters u and λ, for every µ ≥ λ, with the exception of a finite
set of values:
1. for λ < µ < 5λ/4, when u ≢ 0, 1 (mod 8), µ is odd, and λ is even;
2. for λ < µ < 3λ/2, when u ≡ 2, 3 (mod 4), µ ≡ 2 (mod 4), and λ ≡ 0 (mod 4).
Appendix
In this Appendix, we list some embeddings of a KS(u, λ) into a KS(u+ w,µ).
1. λ = 2, u = 5, µ = 3, w = 3
Add the following blocks to a KS(5, 2) on Z5: (0, 1,∞3) − 3, (2, 4,∞3) − 0, (2, 3,∞3) − 4, (3, 4,∞1) −
0, (0, 4,∞1)−1, (0, 2,∞2)−3, (1, 3,∞2)−4, (1, 4,∞2)−2, (∞1,∞2,∞3)−4, (4,∞2,∞1)−2, (∞2,∞3, 0)−
∞1, (∞2,∞3, 1)−∞1, (2,∞3,∞1)− 3, (3,∞1,∞3)− 1, (1, 2,∞1)−∞2, (0, 3,∞2)− 2.
2. λ = 2, u = 12, µ = 3, w = 4
Let (Z12,K) be a KS(12, 2). Consider the following sets of blocks: K1 = {(0, 4, 8) − 2, (1, 5, 9) − 3, (2, 6, 10) −
4, (3, 7, 11) − 5, (0, 6,∞3) − 5, (∞4,∞1,∞2) − ∞3},K2 = {(i, 1 + i,∞4) − (2 + i) : i ∈ Z12},K3 =
{(i, 2+ i,∞1)− (1+ i) : i ∈ Z12},K4 = {(i, 3+ i,∞3)− (4+ i) : i ∈ Z12},K5 = {(i, 5+ i,∞2)− (6+ i) : i ∈ Z12}.
Replace inK4 the kites with tails {∞3, 0}, {∞3, 5}, {∞3, 6} by (8, 11,∞3)−∞4, (4,∞3, 1)− 7, (2, 5,∞3)−∞1. If
(W ,K5), where W = {∞1,∞2,∞3,∞4}, is a KS(4, 2), then (Z12 ∪ W ,K ∪ (∪5i=1Ki)) is a KS(16, 3) which embeds
(Z12,K).
3. λ = 2, u = 13, µ = 3, w = 3
Add the following sets of blocks to a KS(13, 2) on Z13 : K1 = {(9, 3, 0) − 6, (4, 1, 10) − 0, (3, 7, 10) − 6},K2 =
{(7, 11, 1) − ∞1, (8, 12, 2) − ∞1, (5, 11, 2) − ∞0, (6, 12, 3) − ∞2, (7, 4, 0) − ∞1, (8, 5, 1) − ∞2, (9, 6, 2) −
∞2, (8, 11, 4)−∞0, (12, 9, 5)−∞0},K3 = {(i, 1+ i,∞0)− (2+ i) : i ∈ Z13},K4 = {(i, 2+ i,∞1)− (1+ i) : i ∈
Z13},K5 = {(i, 5+ i,∞2)− (1+ i) : i ∈ Z13}. Replace the tails ofK2 in ∪5i=3Ki by the tails {∞j,∞1+j}, j ∈ Z3, three
times repeated.
4. λ = 4, u = 10, µ = 5, w = 6
Add the following set of blocks to a KS(10, 4) on Z10 : {(i, 1+ j+ i,∞j)− (5+ i) : j = 0, 1, 2, 3, i ∈ Z10} ∪ {(1+ i, 6+
i,∞4) − i : i = 0, 1, 2, 3, 4} ∪ {(∞j,∞1+j, i) −∞5 : 0 ≤ j = 0, 1, 2, i ≤ 4} ∪ {(∞4, i,∞3) −∞0, (∞5, i,∞4) −
∞1, (∞5,∞0, i) −∞4 : 0 ≤ i ≤ 4} ∪ {(∞j,∞2+j, i) −∞5 : j = 1, 2, 4, 5 ≤ i ≤ 9} ∪ {(∞j,∞2+j, i) −∞4 : j =
0, 5, 5 ≤ i ≤ 9} ∪ {(∞3, i,∞5)−∞2 : 5 ≤ i ≤ 9}.
5. λ = 4, u = 18, µ = 5, w = 6
Add the following set of kites to a KS(18, 4) onZ18 : {(i, 1+ j+ i,∞j)−(6+ i) : j = 0, 1, 3, 4, i ∈ Z18}∪{(i, 7+ i,∞2)−
(8+ i), (i, 8+ i,∞5)− (1+ i) : i ∈ Z18} ∪ {(i,∞j,∞1+j)− (10+ i) : j ∈ Z6, 0 ≤ i ≤ 4} ∪ {(i,∞j,∞2+j)− (5+ i) :
j ∈ Z6, 5 ≤ i ≤ 9} ∪ {(15,∞3+j,∞j) − 17, (16,∞j,∞3+j) − 17 : j = 0, 1, 2} ∪ {(i, 3 + i, 9 + i) − (15 + i) : i =
0, 1, . . . , 5} ∪ {(i, 3+ i, 6+ i)− (9+ i) : i = 6, 7, 8} ∪ {(∞j,∞3+j, i)− (3+ i) : j = 0, 1, 2, i = 15, 16, 17}.
6. λ = 4, u = 4, µ = 5, w = 5
Given a KS(4, 4) on U = {a, b, c, d}, consider the set of blocks on Z5 ∪ U : {(i, 1 + i, a) − (2 + i), (c, i, 2 + i) −
b, (i, 1 + i, c) − (2 + i), (i, 2 + i, d) − (1 + i), (a, i, 2 + i) − b, (i, 1 + i, b) − (2 + i) : i ∈ Z5}. Now replace the
kites (a, 0, 2) − b, (a, 1, 3) − b, (c, 0, 2) − b by the kites (0, 2, a) − b, (1, 3, a) − c, (0, 2, c) − b and add the blocks
(2, d, 0)−4, (3, d, 1)−0, (2, 4, d)− a, (0, 3, d)− b, (1, 4, d)− c, (0, 1, 2)− b, (1, 2, 3)− b, (3, 4, 2)− b, (0, 3, 4)−1
to obtain a KS(9, 5) which embeds the given KS(4, 4).
7. λ = 4, u = 11, µ = 5, w = 5
Add the following set of blocks to a KS(11, 4) on Z11 : {(i, 1+ j+ i,∞j)− (6+ i) : j ∈ Z5, i ∈ Z11} ∪ {(∞j, i,∞1+j)−
(i+ 8), (∞j, 4+ i,∞2+j)− (8+ i) : j ∈ Z5, i = 0, 1, 2} ∪ {(∞j, i,∞1+j)−∞3+j : j ∈ Z5, i = 3, 7}.
8. λ = 4, u = 19, µ = 5, w = 5
Add to a KS(19, 4) on Z19 the blocks of a KS(5, 2) on {∞j : j ∈ Z5} together with the blocks: (i, 5+ j+ i,∞j)− (1+ i),
for j ∈ Z5 and i ∈ Z19; (i, 3 + i,∞0) − ∞1+i, (4 + i, 7 + i,∞0) − ∞1+i, (8 + i, 11 + i,∞0) − ∞1+i, for
i = 0, 1, 2, 3; (i, 4+i,∞1)−∞2+i, (3+i, 7+i,∞1)−∞2+i, (6+i, 10+i,∞1)−∞2+i, for i = 0, 1, 2; (∞0, 3+i, i)−∞4,
for i = 12, 13, . . . , 18; (∞1, 4+i, i)−∞4, for i = 9, 10, . . . , 18; (∞2, 1+i, i)−∞4, for i = 0, 1, . . . , 11; (∞3, 2+i, i)−
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∞4, for i = 0, 1, . . . , 8; (13, 12,∞2)−∞3, (14, 13,∞2)− 0, (15, 14,∞2)− 18, (16, 15,∞2)−∞4, (17, 16,∞2)−
∞4, (18, 17,∞2) − ∞4, (11, 9,∞3) − ∞4, (12, 10,∞3) − ∞4, (13, 11,∞3) − ∞4, (15, 13,∞3) − 14, (17, 15,
∞3)− 12, (18, 16,∞3)−∞2, (0, 17,∞3)−∞2, (∞3, 16, 14)− 12, (∞3, 1, 18)− 0.
9. λ = 4, u = 12, µ = 5, w = 4
Add the following set of blocks to a KS(12, 4) on Z12 : {(i, 2+ i,∞1)− (1+ i), (i, 3+ i,∞2)− (1+ i), (i, 4+ i,∞3)−
(1 + i), (i, 5 + i,∞4) − (1 + i) : i ∈ Z12} ∪ {(∞1,∞2, i) − (1 + i), (6 + i,∞1, i) − ∞4, (4 + i,∞3,∞4) − i :
1 ≤ i ≤ 4} ∪ {(∞1,∞3, i) − ∞2, (∞2,∞4, i) − (1 + i) : 5 ≤ i ≤ 9} ∪ {(i,∞2,∞3) − (2 + i) : 0 ≤ i ≤
2}∪ {(0, 6,∞1)−∞4, (5, 11,∞1)−∞4, (0,∞2,∞1)−∞4, (10,∞1,∞4)− 0, (11,∞1,∞4)− 10, (∞2, 11, 10)−
∞3, (0, 1,∞3)− 11, (0,∞4, 11)−∞3, (3,∞3,∞2)− 10, (4,∞3,∞2)− 11, (9,∞4,∞3)− 10}.
10. λ = 4, u = 18, µ = 5, w = 4
Let (Z20,K) be a KS(20, 4) and consider the following sets of kites:K1 = {(i, 4+ i,∞1)− (i+ 1), (i, 5+ i,∞2)− (1+
i), (i, 6+ i,∞3)−(1+ i), (i, 7+ i,∞4)−(1+ i), (∞1, i, 8+ i)−∞2, (∞3, i, 3+ i)−∞2 : i ∈ Z20},K2 = {(i, 1+ i, 10+
i)− (11+ i), (2+ i,∞4, i)− (11+ i) : 0 ≤ i ≤ 9},K3 = {(∞1,∞3,∞2)−∞4, (11, 13,∞4)− 10, (14,∞4, 12)−
10, (13, 15,∞4)−12, (14, 16,∞4)−∞1, (15, 17,∞4)−∞3, (16, 18,∞4)−19, (17,∞4, 19)−1, (18, 0,∞4)−1}.
If (W ,K4), whereW = {∞1,∞2,∞3,∞4}, is a KS(4, 4), then (Z20 ∪W ,K ∪ (∪4i=1Ki)) is a KS(24, 5) which embeds
(Z20,K).
11. λ = 4, u = 5, µ = 5, w = 3
Add the following set of blocks to a KS(5, 4) on Z5 : {(∞1,∞2, i) −∞3, (∞1,∞3, i) −∞2, (∞2,∞3, i) −∞1 : i ∈
Z5} ∪ {(0, 1,∞1) − 2, (0, 2,∞2) − 3, (0, 3,∞3) − 1, (0, 4,∞1) − 3, (1, 2,∞2) − 0, (1, 3,∞3) − 4, (∞1, 1, 4) −
∞2, (∞1, 3, 2)−∞3, (2, 4,∞3)− 0, (3, 4,∞2)− 1}.
12. λ = 4, u = 13, µ = 5, w = 3
Add the following set of blocks to a KS(13, 4) on Z13 : {(i, 1 + i,∞1) − (2 + i), (i, 2 + i,∞2) − (1 + i), (i, 3 + i,
∞3) − (1 + i), (∞1, i, 4 + i) − ∞2 : i ∈ Z13} ∪ {(∞2, 5, 11) − 4, (∞2, 7, 0) − 6, (∞1,∞3,∞2) − 10, (∞1,∞3,
∞2)− 1, (∞1,∞3,∞2)− 2, (∞1,∞3,∞2)− 3, (∞1,∞3,∞2)− 9, (∞3, 0, 5)− 12, (∞3, 1, 6)− 12, (∞3, 2, 7)−
1, (∞3, 3, 8)−2, (∞3, 4, 9)−3, (∞3, 5, 10)−4, (∞3, 11, 6)−∞2, (∞3, 7, 12)−∞2, (∞3, 0, 8)−∞2, (∞3, 9, 1)−
8, (∞3, 10, 2)− 9, (∞3, 11, 3)− 10, (∞3, 12, 4)−∞2}.
13. λ = 4, u = 21, µ = 5, w = 3
Add the following set of blocks to a KS(21, 4) on Z21: {(i, 1+ i, 3+ i)− (7+ i), (1+ i, 6+ i,∞1)− i, (1+ i, 7+ i,∞2)−
i, (i, 8+ i,∞3)− (1+ i), (∞1, i, 9+ i)−∞3, (∞2, i, 10+ i)−∞3 : i ∈ Z21}. Now replace the tails {∞1, i}, 0 ≤ i ≤ 5,
and {∞2, i}, i = 0, 1, 6, by the tails {∞1,∞2}, {∞1,∞3}, {∞2,∞3}, three times repeated. Finally, add the following
set of kites: {(7+ i, 14+ i, i)−∞1 : 0 ≤ i ≤ 5} ∪ {(13, 20, 6)−∞2, (∞1,∞3,∞2)− 1, (∞1,∞3,∞2)− 0}.
14. λ = 4, u = 6, µ = 5, w = 2
Add the following blocks to a KS(6, 4) on Z6 : (0,∞1,∞2) − 3, (1,∞1,∞2) − 3, (2,∞1,∞2) − 4, (3,∞2,∞1) −
5, (4,∞1,∞2) − 2, (0, 1,∞1) − 5, (0, 2,∞1) − 5, (0, 3,∞1) − 5, (0, 4,∞1) − 5, (0, 5,∞2) − 2, (1, 2,∞1) −
4, (1, 3,∞1) − 4, (1, 4,∞2) − 2, (1, 5,∞2) − 0, (2, 3,∞1) − 1, (2, 4,∞1) − 3, (2, 5,∞2) − 1, (3, 4,∞2) − 0,
(3, 5,∞2)− 0, (4, 5,∞2)− 1.
15. λ = 4, u = 14, µ = 5, w = 2
Add the following blocks to a KS(14, 4) onZ14 : (i, 7+i,∞1)−∞2 for i = 0, 1, 2, 3, 4; (∞1, 4+4i, 3+4i)−(2+4i), (4+
4i, 5+4i,∞1)−(2+4i), and (5+4i, 6+4i,∞1)−(3+4i) for i = 0, 1, 2; (∞1, 2+ i, i)−(3+ i), (i, 4+ i,∞2)−(1+ i)
and (∞2, 5+ i, i)− (6+ i), for i ∈ Z14; (5, 12,∞1)− 0, (6, 13,∞1)− 1, (∞1, 2, 1)− 0.
16. λ = 4, u = 22, µ = 5, w = 2
Add the following blocks to a KS(22, 4) on Z22 : (i, 11+ i,∞1)−∞2 for i = 0, 1, 2, 3, 4; (∞1, 8+ 4i, 7+ 4i)− (6+
4i), (9 + 4i, 8 + 4i,∞1) − (6 + 4i) and (9 + 4i, 10 + 4i,∞1) − (7 + 4i) for i = 0, 1, 2, 3; (3 + i, 5 + i, i) − (4 +
i), (∞1, 6+ i, i)− (7+ i), (i, 8+ i,∞2)− (1+ i) and (∞2, 9+ i, i)− (10+ i) for i ∈ Z22; (5, 16,∞1)−0, (6, 17,∞1)−
1, (∞1, 2, 1)− 0, (7, 18,∞1)− 2, (8, 19,∞1)− 3, (∞1, 4, 3)− 2, (9, 20,∞1)− 4, (10, 21,∞1)− 5, (∞1, 6, 5)− 4.
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